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Abstract
A doubly censoring scheme occurs when the lifetimes being measured are censored either from
above or below. This scheme is found both in reliability and in survival studies. Denote by T
the variable of interest and by L and R, with L < R, the censoring variables. We propose new
nonparametric simultaneous marginal survival estimators for the laws of T , L and R, based
on an inverse-probability-of-censoring approach.
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Introduction

When the lifetimes being measured are censored either from above or below, and as a result, left- and
right-censored observations as well as exact values are present for the same data set, we are in a doublycensored setting. An instance of such data, which is analyzed at the end of the paper, is found when
we are interested in the time period from the start of IV drug use to AIDS diagnosis in a cohort of
HIV-infected drug users (Langohr, Gómez and Muga (2004)). Instances of this scheme might also be
found in reliability studies where several components are to be assembled to have a system operating
and some of them have to be redundant. If we are interested in the marginal lifetimes TA , TB and TC of
components A, B and C which are assembled such that A and B are in parallel and C is in series with
this parallel system, then TA is exactly observed if A is the cause of failure, left-censored by min{TB , TC }
and right-censored by TC if C fails before A.
Most of the non-parametric estimators for ST (t) when doubly censored data is present are based on
Turnbull’s pioneering paper (1974) who develops a self-consistent estimator which is proved to be the
non-parametric maximum likelihood estimator for the underlying survival, assuming that data have been
grouped. Several authors have studied the asymptotic properties of the self-consistent estimator, among
others, Chang and Yang (1987) and Chang (1990). Satten and Datta (2001) use an inverse-probabilityof-censoring representation for the Kaplan-Meier estimator and has inspired our method.
Let T be a positive random variable whose survival function is ST (t) = P (T > t). The doubly
censoring situation could be formally expressed with the aid of two positive random variables, L and
R, with L < R a.s., such that T would be exactly observed only if L ≤ T ≤ R. Random interval
[L, R] plays an important role in this problem, not only because it is the window within which T is
exactly observed, but also because reasonable estimators for ST (t), would heavily depend on the survival
functions of R and L, SL (t) and SR (t), respectively. If we assume that [L, R] is independent of T , but
let the joint distribution of L and R be arbitrary, it follows that the probability of T being observed at
time t will be given by SR (t− ) − SL (t). Analogously, the probability of L and R being observed at times
l and r will be given by 1 − ST (l− ) and ST (r), respectively. We assume that ST (0) = SL (0) = 1 and
ST (∞) = SL (∞) = SR (∞) = 0.
Given n individuals, the triplet of independent and identically random variables {(Ti , Li , Ri ), i =
1 . . . , n} forms the complete data set. The observable data consists of the pairs {(Ui , δi ), i = 1 . . . , n},
where Ui = min{max{Li , Ti }, Ri } = (Li ∨Ti )∧Ri and δi =1l{Ti >Ri } −l
1{Ti <Li } . Let u(1) ≤ u(2) ≤ · · · ≤ u(n)
be the order statistic corresponding to the observed sample u1 , u2 , · · · un and define δ(1) , δ(2) , · · · , δ(n) as
the corresponding censoring values. Whenever ties are present, we consider left-censored observations as
preceding exact observations, which in turn precede right-censored observations. Let oj , j = 1 . . . r be
the distinct ordered failure and censoring times among u(1) ≤ u(2) ≤ · · · ≤ u(n) and use dj , µj and λj to
denote the number of exact, left-censored and right-censored at oj .

We propose simultaneous marginal nonparametric inverse-weighted survival estimators (IWSE) for ST ,
SL and SR . The novelty of our approach is twofold. On one hand, it provides a new characterization of
the self-consistent survival estimator in terms of the sizes of its jumps. On the other, it allows to estimate
the marginal laws of the censoring random variables. The IWSE we propose are self-consistent estimators,
strongly consistent and asymptotically normal, generalize the empirical survival function and reduce to
the Kaplan-Meier estimator if the observed data are only right-censored. Since the characterization we
propose for the estimators is in terms of the sizes of their jumps, it allows to construct the estimator
recursively. Our estimator is computationally straightforward and not computationally intensive.

2

Inverse weighted joint survival estimators for ST , SL and SR .

Definition 1. We define the inverse weighted survival estimators, IWSE, of ST (t), SL (t) and SR (t) as
the estimators ŜT (t), ŜL (t) and ŜR (t) which take values between 0 and 1 and are the solution of the
following system:
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2. For all t ∈ (0, o1 ), expression (1) is also valid except when the first exact event precedes the first leftcensored observation, in which case ŜT (t) = 1, or when the first left-censored observation precedes
the first exact event, in which case ŜL (t) = 1.
3. For all t ∈ [or , ∞), expression (1) is also valid except when the last exact event follows the last
right-censored observation, in which case ŜT (t) = 0, or when the last right-censored observation
follows the last exact event, in which case ŜR (t) = 0.
−
Given ŜT (t), we define fj = ŜT (o−
j ) − ŜT (oj ), 1 ≤ j ≤ r, f0 = 1 − ŜT (o1 ) and fr+1 = ŜT (or ).
−
Furthermore, given ŜL (t) and ŜR (t), we take hj = ŜL (oj ) − ŜL (oj ) and gj = ŜR (o−
j ) − ŜR (oj ).

Theorem 1. An estimator ŜT (t) is the IWSE of ŜT (t) if and only if it is a right-continuous step function
for which jumps are possible only at oj and {f0 , f1 , · · · , fr+1 } are determined by the following conditions:
Pr+1
1. For all 0 ≤ j ≤ r + 1, 0 ≤ fj ≤ 1 and j=0 fj = 1.
2. fj = 0 if and only if dj = 0 for all 1 ≤ j ≤ r.
3. For any two consecutive death times oi < oj , that is, when di > 0, dj > 0, and dk = 0 if i < k < j,
we have
P
P
di
dj
i≤k<j λk
i<k≤j µk
−
= Pr+1
−
·
(2)
Pr+1
fi
fj
1 − m=j fm
m=j fm
4. (a) If δ(n) = 0 then fr+1 = 0 and
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(b) If δ(n) = 1 and oτ is the last time of death (dτ > 0 and dk = 0 for k > τ ), then
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(c) If δ(n) = −1, then we inspect the value of the preceding δ(k) until we find one whose value is
6= −1. We then apply (4a) and (4b).
Pr
d1
5. (a) If δ(1) = 0, then f0 = 0 and 1 hj = 1 − nf
.
1
Pr
(b) If δ(1) = −1 and oν is the first time of death (dν > 0 and dk = 0 for k < ν), then 1 hj = 1
and
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(c) If δ(1) = 1, then we inspect the value of the next δ(k) until we find one whose value is 6= 1. We
then apply (5a) and (5b).
6. The estimators ŜL (t) and ŜR (t) are the inverse-weighted survival estimators if and only if they are
right-continuous step functions for which jumps are only possible at oj and the sizes of these jumps
are given by
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Corollary 1.
1. If there are no left-censored data, the inverse weighted survival estimator ŜT coincides with the Kaplan-Meier estimator for almost all t < or .
2. If there are no right-censored data, the inverse weighted survival estimator ŜT coincides with the
Kaplan-Meier estimator for left-censored data for almost all t > o1 (Gómez, Julià and Utzet, 1992).
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Algorithm

In order to obtain the survival estimators ŜT (t) =

P

j:oj >t

fj , ŜL (t) =

P

j:oj >t

hj , ŜR (t) = 1 −

P

j:oj ≤t gj ,

we proceed using Theorem 1 and solving (3) iteratively to obtain fj . Equation (5) is used to get ŜL (t)
and ŜR (t). Recall that oν is the first exact time and oτ is the last exact time.
1. Whenever the first and the last times are exact (ν = 1, τ = r), we use iteratively equation (3) to
obtain fj for 1 ≤ j ≤ r.
2. ν > 1 means that prior to an exact time, we have left and/or right-censored observations. In these
cases the problem reduces to setting 1.
(a) If we only have right-censored observations, they can be discarded and reduced to setting 1
with the corresponding reduced sample size.
(b) If we have either only left or both left and right -censored observations and δ(1) = −1, then
we substitute δ(1) = −1 by δ(1) = 0, proceed as in setting 1, compute all the fj for 1 ≤ j ≤ r,
and reinterpret f1 as f0 , that is, as the Prob{T < oν }.
(c) If we have both left and right -censored observations and δ(1) = 1, then we exchange δ(1) = 1
by δ(1) = −1, and the first δ = −1 by δ = 1 and proceed as in 2b.
3. τ < r means that after the last exact time, we have left and/or right-censored observations. These
cases reduce to setting 1 following an analogous argument as in 2.
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Properties of the inverse weighted survival estimator

We prove the unicity of the IWSE and the equivalence between a self-consistent estimator and an IWSE.
Since a self-consistent survival estimator always exists for the doubly censored scheme (Tsai and Crowley
(1985)), we conclude that the IWSE has the same asymptotic behavior that the self-consistent estimator,
that is, the IWSE is strongly consistent and asymptotically normal.
Theorem 2. If Û (t) and Ŝ(t) are two inverse weighted survival estimators in the sense of Definition 1,
then Û (t) = Ŝ(t) for all t.
Theorem 3. A survival estimator S̄Tn (t) of ST (t) based on the observable data {(Ui , δi ) i = 1 . . . , n}
and given by (6) is self-consistent if and only if S̄Tn (t) is an inverse weighted survival estimator as defined
in Definition 2.
n

S̄Tn (t) =

n

1 X S̄Tn (t)
1X
1l[ui >t] +
1l[u ≤t,
n i=1
n i=1 S̄Tn (ui ) i

n

δi =1] −

1 X 1 − S̄Tn (t)
1l[ui >t,δi =−1] .
n i=1 1 − S̄Tn (u−
i )

(6)
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Illustration

The German Trias i Pujol Hospital, located in Badalona (Spain), has been running a detoxification
program for intravenous drug users since 1985 and recording the date of several events, such as the day
the patients started injecting drugs, the day on which they were diagnosed as having AIDS, if available,
the time of death and whether or not they had AIDS when they died. Among the 232 patients who
were infected with HIV, 136 (59%) of them left
the center AIDS-free, thus contributing rightTime to AIDS diagnosis
censored observations; 14 (6%) died with AIDS
with no prior recording of the time to AIDS diagnosis (these form the subcohort of left-censored
observations); and the remaining 82 (35%) had
been diagnosed as having AIDS while following
the program. Let T be the number of years
elapsed from becoming addicted to IV drugs to
being diagnosed as having AIDS, among HIVinfected patients, L stands for the number of
years elapsed between the start of drug use and
Figure 1: The IWSE of the elapsed number of
the death with AIDS with no prior AIDS diagnoyears from starting the IV-addiction to being AIDSsis, and R stands for the number of years elapsed
diagnosed for HIV-infected patients
from the start of drug use to leaving the detoxication program being AIDS-free. The IWSE for
the survival for the number of years to AIDS diagnosis is plotted in Figure 1. This curve shows that
the median number of years to AIDS diagnosis is 15.44 and that after 10 years 70% of IV drug users
are AIDS-free. It can also be observed that because of the right-censored data, percentiles larger than
40% cannot be estimated. It is possible to estimate the survival for R along the entire real line as a
consequence of a right-censored observation as the maximum of all the failure and censoring points.
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